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Abstract
The statement of the title is proved.
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In this note we use standard notation in Banach space theory as in [3].
In [4] the following question is posed: Are the spaces ∞(1) and 1(∞) isomorphic? (See Problem 4.11.) We
prove that the answer is “No.”
We begin with an easy lemma. The key results are Proposition 1 and an old theorem of Hagler and Stegall (see
below).
Lemma 1. Let T : (∑∞n=1 ⊕ n∞)1 → c0(1) be a bounded linear operator, let m be a natural number, let Pm be the
natural m-projection on c0(1) and let ε be a positive number, then there exists z in the unit sphere of (
∑∞
n=1 ⊕ n∞)1
such that ‖PmT (z)‖ < ε.
Proof. Of course, Pm is the map defined by
Pm : c0(1) → c0(1),
(an) → (a1, a2, . . . , am,0,0, . . .).
Clearly, Pm(c0(1)) is isometrically isomorphic to m∞(1), and this space is in turn isomorphic to 1. Therefore,
Pm(c0(1)) does not contain n∞ uniformly. Since (
∑∞
n=1 ⊕ n∞)1 of course contains n∞ uniformly, the operator PmT
cannot be an isomorphism onto its image. The conclusion follows immediately. 
Proposition 1. c0(1) contains no subspace isomorphic to (
∑∞
n=1 ⊕ n∞)1.
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∑∞
n=1 ⊕ n∞)1. This means that there
exists a bounded linear operator
T :
( ∞∑
n=1
⊕ n∞
)
1
→ c0(1)
which is an isomorphism onto its image. That is, there exists M  1 such that
1
M
‖x‖ ∥∥T (x)∥∥M‖x‖ (∗)
for all x ∈ (∑∞n=1 ⊕ n∞)1.
Take m1 = 1. By the preceding lemma, there exists z1 in the unit sphere of (∑∞n=1 ⊕ n∞)1 such that
∥∥Pm1T (z1)∥∥< min
{
1
2M
,
1
2
}
.
By (∗), we have 1
M
 ‖T (z1)‖, and therefore,
∥∥T (z1) − Pm1T (z1)∥∥ ∥∥T (z1)∥∥− ∥∥Pm1T (z1)∥∥> 12M .
Since T (z1) = limm PmT (z1), it follows that there exists m2 ∈N, m2 > m1, such that
∥∥Pm2T (z1) − Pm1T (z1)∥∥> 12M .
Of course, we can also suppose
∥∥T (z1) − Pm2T (z1)∥∥< min
{
1
2M
,
1
22
}
.
Using again the preceding lemma, we deduce that there exists z2 in the unit sphere of (
∑∞
n=1 ⊕ n∞)1 such that
∥∥Pm2T (z2)∥∥< min
{
1
2M
,
1
22
}
.
By induction, we can construct a sequence (zk) in the unit sphere of (
∑∞
n=1 ⊕ n∞)1 and an increasing sequence (mk)
of natural numbers such that
(1) ‖PmkT (zk)‖ < 12k ,
(2) ‖(Pmk+1 − Pmk )T (zk)‖ > 12M , and
(3) ‖T (zk) − Pmk+1T (zk)‖ < 12k+1
for each k ∈N.
Let us denote
wk = (Pmk+1 − Pmk )T (zk) and uk = T (zk) − wk;
we have
T (zk) = wk + uk.
The point in our construction is that (wk) and (uk) satisfy:
(i) (wk) is a seminormalized disjointly supported sequence (by (2));
(ii) (uk) is a null sequence (by (1) and (3)).
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situations: (a) (zk) is weakly Cauchy, (b) (zk) is equivalent to the canonical 1-basis. Let us see that in both cases we
reach a contradiction.
In case (a), recall that a Banach space in which weakly convergent sequences and norm convergent sequences are
the same is called a Schur space. It is well known and easy to show that the 1-sum of Schur spaces is Schur (this
appeared in the literature probably for the first time in [2]). In particular, (∑∞n=1 ⊕ n∞)1 is a Schur space. Therefore,
(zk) must be norm convergent. Let us denote by z its limit. Since (uk) is a null sequence, it follows that (wk) must be
convergent and
lim
k
wk = lim
k
(
T (zk) − uk
)= lim
k
T (zk) = T (z).
But the wk’s are disjointly supported and so this limit must be 0. This is a contradiction because, by (∗), 1M  ‖T (zk)‖
for all k ∈N.
In case (b), since T is an isomorphism onto its image, it follows that (T (zk)) is also equivalent to the canonical
1-basis. Taking in account that (uk) is a null sequence, the classical perturbation result (Proposition 1.a.9. of [3])
implies that a subsequence of (wk) must be equivalent to the canonical 1-basis, too. This is also a contradiction
because a seminormalized disjointly supported sequence in c0(1) cannot be equivalent to the 1-basis. In fact, it is
equivalent to the canonical c0-basis. 
Theorem (Hagler–Stegall). (See [1, Theorem 1].) Let X be a Banach space, then X∗ contains a complemented
subspace isomorphic to L1([0,1]) if and only if X contains a subspace isomorphic to (∑∞n=1 ⊕ n∞)1.
Proposition 2. ∞(1) contains a complemented subspace isomorphic to L1([0,1]).
Proof. Since ∞(1) = 1(c0)∗ and 1(c0) obviously contains a subspace isomorphic to (∑∞n=1 ⊕ n∞)1, the result
follows from Hagler–Stegall theorem. 
Proposition 3. 1(∞) contains no complemented subspace isomorphic to L1([0,1]).
Proof. Since 1(∞) = c0(1)∗, the result follows from Proposition 1 and Hagler–Stegall theorem. 
As an immediate consequence of Propositions 2 and 3 we get the following.
Theorem 1. ∞(1) and 1(∞) are not isomorphic.
Final remarks. 1. Actually, Proposition 1 implies that c0(1) contains no subspace isomorphic to 1(c0). Of course,
it follows from this that c0(1) and 1(c0) are not isomorphic.
2. Notice that Propositions 2 and 3 imply that 1(∞) contains no complemented subspace isomorphic to ∞(1).
3. Proceeding in a similar way as in this note, one can show that for 1 < p < +∞ the space 1(p) contains no
subspace isomorphic to p(1). Therefore 1(p) and p(1) cannot be isomorphic either.
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